A well-known advantage of bond graph models of electro-mechanical systems is that they can be manipulated manually or with the aid of computer programs to yield first order state equations useful for numerical studies. A causal analysis can show in advance whether derivative causality will cause practical difficulties in the equation formulation which might be best circumvented by modification of the model.
INTRODUCTION
Bond graphs are based on power and energy interactions and so too are Lagrange equations. It is obvious then, that there should connections between the two techniques of system modeling and analysis. The original and most common use of Lagrange equations is for mechanical systems, Karnopp and Margolis (2007) , but it has long been appreciated that these equations also apply to electrical and electromechanical systems, Wells (1938 ), Crandall et. al. (1968 . Since bond graphs are based on analogous variables in a wide variety of physical systems, the state functions associated with I-and C-elements can be used to derive the standard Lagrange equations for any physical system represented by a bond graph, Karnopp et al. (2005) , Karnopp (1977) .
The standard first order bond graph state equations involve the rates of change of momenta, , for Ielements and, and displacements, , for Celements,. The second order Lagrange equations involve the second time derivatives of generalized displacement coordinates, . For most system models, there are twice as many first order state equations as there are second order Lagrange equations.
It is easy to write down the general form of the Lagrange equations that we will be using but each term requires some explanation and a procedure applicable to bond graphs needs to be formulated. The equations, derived from a generalized Hamilton's principle, [3] , are * * , 1, 2 ...,
These equations apply to a holonomic system described by a set of generalized displacement variables and their flows
The system is said to have (displacement) degrees of freedom.
n
The symbol represents the complementary energy for I-elements. In mechanical systems this quantity is called kinetic coenergy and in electrical system it is magnetic coenergy. The distinction between energy and co energy is crucial for nonlinear systems and in any case is properly a function of the flow variables , Crandall et. al. (1968) , Karnopp et. al. (2005) , Karnopp (1977 Karnopp (1977) , the required number of displacement degrees of freedom n can be determined by applying artificial or virtual flow sources to the model and sequentially extending the causality in the bond graph until all bonds are causally augmented. Each virtual source will define a generalized flow and a generalized displacement . The geometric compatibility relations will be satisfied only when the constants of integration from generalized flow to generalized displacement are properly chosen. This process can be applied to any bond graph but will be illustrated using an example involving a controlled electromechanical shock absorber device to be used in active or semi-active vehicle suspensions. but it has been shown theoretically and in practice that a semi-active damper, , in the location shown can be programmed to simulate the action of the skyhook damper enough of the time to achieve significant advantages compared to a damper with fixed characteristics, Karnopp (1995) , Karnopp (1983) . Although linear motors have been proposed to realize an active damper, Karnopp (1989) , the use of a rotary motor requires a more complex dynamic model including the moment of inertia of the motor.
B
The bond graph in Figure 2 shows that if a single virtual flow source, (shown with a dotted bond), is inserted according to the method in Karnopp (1977) , and causality is extended, all bonds become causally augmented. Note that the C-element is in integral causality while the I-element is in derivative causality. This means that the system has a single displacement degree of freedom with generalized displacement s z .
The coenergy for the I-element is simply 
The transfer function corresponding Eq. (2) The model bond graph also needs only one virtual flow source to complete the causal analysis. Reading the causal marks on the bond graph,
The generalized effort is found by computing the effort on the virtual bond due to the resistive elements, 
and the transfer function between the suspended mass motion and the input motion is
From this result, one can deduce several facts. First, the rotary inertia does affect the system response. The importance can be judged to some extent by comparing an equivalent mass to M.
If , the effect of the rotary inertia will be small. Also, comparing Eqs. (3) and (5) one can see that an equivalent damping parameter can be defined. 
The maximum value of is when has its minimum value of when the motor terminals are shorted, . On the face of it, this appears to mean that any motor can be used to produce a maximum desired damping coefficient by picking a small enough value of the radius . Practically speaking, however, very small values of will mean not only very high stresses and an amplified effect of friction forces, so far neglected in the model, but also will increase the effect of the rotary inertia term.
Using Eq.(6), we find that 
The equations in Eq. (7) allow one to determine whether the motor inertia will be important given moment of inertia, the desired maximum damping coefficient, the coil resistance and the transduction coefficient. One can also determine whether an impractically small value of the pinion radius would be required.
This elementary example shows how simple models of electromechanical systems can show how various parameter combinations can be combined to indicate whether certain systems will be practical. We now show how a Lagrange approach can be particularly useful for higher order models. 
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